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Abstract
The discussion of this paper concerns both centralized and decentralized control of logical
discrete-event systems. Of interest are the maximal information sets of the centralized or
decentralized supervisors and the potential for control and estimation policy independence.
We show that there exists a form of a centralized supervisor’s maximal information sets
that is independent of the supervisor’s control policy. We also show that this method of
separation is not generally applicable in decentralized settings. These results are consistent
with the literature in stochastic control; however, supervisory control potentially presents
a more simple framework in which to explore these concepts.
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Introduction

The term “separability”, which refers to the capability of designing control and estimation policies
independently, is well known in stochastic control [9], [12]. Separability, in stochastic systems,
results from the policy independence of conditional expectations, and this independence is available
for systems with particular types of information structures [10], [11].
In this paper, we demonstrate that the “maximal information sets” available in the centralized
supervisory control problem have a form which can be determined without knowing the supervisor’s control policy. We also demonstrate that this technique does not generally extend to the
decentralized supervisory control problem (with or without communication).
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Preliminaries

We consider a discrete-event system to be modeled by an automaton G with associated language
L(G). Recall that associated with the system is a set of events that can be disabled Σc , and
there is a set of events, Σo , that can be observed. The set of all events is denoted by Σ. The
sets of uncontrollable and unobservable events are denoted by Σuc = Σ \ Σc and Σuo = Σ \ Σo
respectively. To control the system, there is a ﬁnite set of coordinating controllers represented by
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Z = {1, 2, . . . , n}. Centralized control is characterized by |Z| = 1. Each controller i ∈ Z has
an associated set of events Σc,i ⊆ Σc that it can disable, a set Ξi of symbols that it is allowed
to communicate to other controllers, and a set of events Σo,i ⊆ Σo that it can directly observe.
The events that are unobservable to each controller are given by Σuo,i = Σ \ Σo,i . To represent
the fact that controllers have only partial observations of traces in L(G), a projection operator
Pi : Σ∗ → Σ∗o,i is used. Recall that Pi (σ) = σ if σ ∈ Σo,i otherwise Pi (σ) = ε, and (∀sσ ∈ Σ∗ )
Pi (sσ) = Pi (s)Pi (σ). If a subscript is not given, e.g. P, then it is assumed the codomain is Σ∗o . The
∗
Σ∗ deﬁned as P−1 (ω) = {s ∈ Σ∗ |P (s) = ω}.
inverse projection of Pi is the mapping P−1
i
i : Σo,i → 2
i
Regarding control, numerous voting schemes can be used to combine the control actions of the
controllers in Z (see [7], [13]); however, regardless of how the control signals are combined, the
closed-loop language of the plant, G, under control of the set of supervisors, Z, is denoted by
L(Z/G). This basic framework has been extended for the case of communication between controllers
in [1], [2], [3]; however, our discussion here will omit controller communication.

3

Separability and the Concept of State

Centralized Control
The situation where only one supervisor (|Z| = 1) is to be used to control a plant, G, is called
centralized supervisory control and has been well studied. In this scenario the supervisor partially
observes, via a projection operator P, a sequence of events generated by the plant. In this case, the
dynamics of the closed-loop control system (plant and controller) can be completely determined
from the pair
(s, P(s)) ∈ L(Z/G) × P(L(Z/G)).

(1)

The maximal information available to the supervisor to generate a control decision following trace
s is denoted here by Ψ(s) and is represented by the set of all traces in the closed-loop behavior
that “look” like s to the supervisor:
Ψ(s) = P−1 (P(s)) ∩ L(Z/G).

(2)

An alternative description of Ψ(s) is the set of all sequences the supervisor “infers” could have
occurred given its partial observation of the occurrence of s. For languages containing an inﬁnite
number of traces, both L(Z/G) and (2) may be inﬁnite sets; hence, the designer must handle inﬁnite
objects to determine optimal control laws. When the desired closed-loop behavior and plant are
both represented by ﬁnite automata H and G, respectively, a ﬁnite-state estimator for L(Z/G) can
be constructed, and an optimal control law can be based on a ﬁnite number of ﬁnite-state estimates.
Of course, this does not imply that (2) is a ﬁnite set nor does it imply that there are a ﬁnite number
of information sets of the form taken by (2). The capability of using a ﬁnite number of ﬁnite-state
estimates for control means that the maximal information sets (2) contain more information that
what is needed for optimal control, and so they can be “compressed” into a useful, ﬁnite set of
states.
The key properties required to achieve a desired behavior L(H) are language controllability and
observability, and when both conditions are satisﬁed then constructing an optimal control law
and ﬁnite-state estimator is performed without issue. However, if L(H) does not possess the
observability property and some (unknown, maximal) “closest” approximation to L(H) is to be
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achieved, then synthesis diﬃculties become apparent. The diﬃculties arise because the maximal
information set (2) used by the state estimator depends upon the control policy implicit in L(Z/G),
the control actions depend upon state estimates, and L(Z/G) is not known prior to the synthesis of
the control policy. Basically, this cyclic dependency means that in order to generate a ﬁnite-state
estimator based on (2), the designer needs to know the control policy, but in order to generate even
a single optimal control decision the designer needs to know what dynamics are possible; hence,
the set of state/state-estimate pairs from (1) that are reachable needs to be known. Based on (2)
control and estimation are not separable, and this policy dependence can be viewed as a primary
reason a unique (supremal) controllable and observable sublanguage generally does not exist.
Note that this diﬃculty does not arise when it is known a priori that L(H) will be the language
generated by the closed-loop system, i.e., L(H) = L(Z/G) is observable and controllable. When it
is known a priori that L(H) will be achieved, then all elements of (2) are known, and the regularity
of L(H) and L(G) provide the designer with a useful, ﬁnite set of states that provide as much
information needed for the purposes of control as the maximal information sets themselves.
One method that has been repeatedly used to bypass this diﬃculty is to assume that all controllable
events are observable, Σc ⊆ Σo which then produces maximal information sets P−1 (P(·)) ∩ L(G)
which do not depend on the control policy (compare to P−1 (P(·))∩L(Z/G)). The result is that only
normal languages are considered. Another method [4] prioritizes control actions to provide enough
information about the control policy so that state-estimates can be generated: The resulting control
policies are guaranteed to be maximal. Both of these methods place some type of assumption on
the control policies to enable synthesis. Here, we show that no assumptions are needed to establish
a separation.
Theorem 3.1 The centralized supervisor’s maximal information sets, Ψ(·), have a form which do
not depend on the supervisor’s control policy.
Proof of Theorem 3.1 The proof is straightforward, but we include it for completeness.
Let γ : Σ∗o → 2Σc be the control policy (disablement map) of the supervisor, and denote the k-th
control action by γ k ⊆ 2Σc , that is, for σ k ∈ Σo :
γ 0 = γ()
γ 1 = γ(σ 1 )
γ 2 = γ(σ 1 σ 2 )
..
.
γj

= γ(σ 1 σ 2 . . . σ j ).

We also use the standard deﬁnition of L(G, γ(P(s))) to be the set of traces allowed by the control
policy following the occurrence of s ∈ L(G). The idea behind the proof given here is to show there
is a map, ϕ : (2Σc × Σo )∗ 2Σc → 2Σ such that if s ∈ L(G) (with P(s) = σ 1 σ 2 . . . σ k ) is the trace that
has actually occurred in the closed-loop system, then
ϕ(γ 0 σ 1 γ 1 σ 2 γ 2 . . . σ k γ k ) = Ψ(s) = P−1 (P(s)) ∩ L(Z/G),
that is, the information set P−1 (P(s)) ∩ L(Z/G) can be “recovered” using only observations and
control actions and without knowledge of the control policy. The proof is by induction on the
length of observed sequences.
3

Let s be the test sequence. For |P(s)| = 0 we deﬁne
ϕ(γ 0 ) = (Σuo \ γ 0 )∗ ∩ L(G).

(3)

The maximal information set is

P−1 (P(s)) ∩ L(Z/G)
= P−1 (ε) ∩ L(G, γ(ε))

Ψ(s) =

= Σ∗uo ∩ [(Σuo \ γ(ε))∗ ∩ L(G)]
= (Σuo \ γ 0 )∗ ∩ L(G)
= ϕ(γ 0 ).

So, our assertion about the map ϕ is true for the base case, and the induction hypothesis is that it
holds for |P(s)| = k. Now, we deﬁne the “update rule” for ϕ to be


ϕ(γ 0 σ 1 γ 1 . . . σ k γ k σ k+1 γ k+1 ) = ϕ(γ 0 σ 1 γ 1 . . . σ k γ k )σ k+1 (Σuo \ γ k+1 )∗ ∩ L(G).
For the case |P(s)| = k + 1 we represent s as wσ k+1 w where |P(w)| = k and σ k+1 ∈ Σo . Now, the
induction hypothesis can be used to yield:


ϕ(γ 0 σ 1 γ 1 . . . σ k γ k σ k+1 γ k+1 ) = Ψ(w)σ k+1 (Σuo \ γ k+1 )∗ ∩ L(G)


k+1 ∗
Σuo ∩ L(G, γ(σ 1 σ 2 . . . σ k+1 ))
= Ψ(w)σ


= Ψ(w)σ k+1 Σ∗uo ∩ L(Z/G)



P−1 (P(w)) ∩ L(Z/G) σk+1 Σ∗uo ∩ L(Z/G)
=

P−1 (P(wσk+1 Σ∗uo )) ∩ L(Z/G)
= P−1 (P(wσ k+1 w )) ∩ L(Z/G)

=

= Ψ(wσ k+1 w )
= Ψ(s),

and the proof is complete.
Theorem 3.1 also has an additional beneﬁt in the DEDS framework that is revealed in its proof.
If the plant and desired behaviors are regular, then the suﬃcient statistic ϕ(γ 0 σ 1 γ 1 . . . σ k γ k ) has a
ﬁnite-state representation. Furthermore, only a record of (σ k+1 γ k+1 ) is required versus a record of
every observation and control action. Hence, policy separation is possible in the centralized case
using a ﬁnite statistic when the behaviors are regular.
Decentralized Control
Now, the discussion will shift focus to the situation where two controllers (|Z| = 2) are to act in
concert on a plant as shown in Figure 1. The dynamics of the closed-loop control system can be
completely determined from the three-tuple
(s, P1 (s), P2 (s)) ∈ L(Z/G) × P1 (L(Z/G)) × P2 (L(Z/G)),
4
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Figure 1: Multiple controller supervision without communication.
where, for each controller, we have basically the same form as in (1) above.
If it is known a priori (via a polynomial test for coobservability [8] and controllability) that the
desired language L(H) is achievable, then the maximal information sets available to each controller
following some trace s are
−1
P−1
1 (P1 (s)) ∩ L(H), and P2 (P2 (s)) ∩ L(H).

(5)

Where, again, all components of (5) are known and, when coupled with the regularity of L(H) and
L(G), provide the designer with two useful, ﬁnite sets of states for the controllers. Although the
controllers “cooperate” to achieve L(H), the design of each controller is completely decoupled from
the design of the other.
If the test for coobservability of L(H) fails and some (unknown, maximal) “closest” approximation
to L(H) is to be achieved, then synthesis diﬃculties are encountered. Synthesis in the decentralized
case suﬀers from the compounded diﬃculties that the maximal information set of Controller 1
depends upon both the control policies of Controller 1 and Controller 2 and vice versa. Existing
algorithms ([5], [6]) for ﬁnding maximal equilibrium solutions are not guaranteed to terminate.2
To date, no useful concept of state has been found to assist synthesis of decentralized controllers
when L(Z/G) is not known a priori.
Given our previous comment that for each controller i ∈ Z both (4) and (5) have the same forms
as (1) and (2), it is natural to ask whether Theorem 3.1 generalizes to the multiple controller case.
The answer is generally negative. Attempting to write an analogous Eq(3) for the decentralized
controllers reveals the problem immediately:
ϕi (γi0 ) = (Σuo,i \ γi0 )∗ ∩ L(G) ∩


ϕj (γj0 )
ϕj (γj0 σ 1 γj1 ) · · ·
σ1 ∈Σo,j \Σo,i





(6)

ϕj (γj0 σ 1 γj1 . . . σ k γjk ) · · · 

σ1 ,σ2 ,... ,σk ∈Σo,j \Σo,i

The “additional” components of Eq(6) that Eq(3) does not have represent an apparently inescapable
dependence of controller i’s information sets on controller j’s control policy. Basically, controller i
needs to know all of controller j’s contingency plans for all event sequences that controller i does
not disable and/or does not observe.
2
The idea behind these algorithms is to hold one controller fixed and to optimize the other, then fix the second
controller and optimize the first, repeating until convergence.
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