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Control and computing hierarchies 
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Control and computing hierarchy 

Task  
Programming 

Language 

Control  
and 

Sensing 

Real-time 
computing 

Logics, automata, discrete event systems 

Time-triggered architectures, RTOS 

Control systems, Kalman filters  



How to analyze the overall design? 

Task  
Programming 

Language 

Control  
and 

Sensing 

Real-time 
computing 

Technical	Challenges	
Integrate	control	and	computing	(hybrid	systems)	
Translate	models	of	control	and	computing		
Unified	systems	view	of	control	and	computing	
Interfaces	between	control	and	computing	
Quantifiable,	cross-cutting,	robust	interfaces		
	

		



Part	I	:	A	DES	perspective	



A software view of the same hierarchy 

Task  
Programming 

Language 

Control  
and 

Sensing 

Real-time 
computing 

Temporal logics, spec. languages 

C, C++, Java   

MATLAB, Simulink, Stateflow, Python 



A software view of the same hierarchy 

Task  
Programming 

Language 

Control  
and 

Sensing 

Real-time 
computing 



What is the relationship between computer programs? 

S1 = (%X1 ,X1
0 ,U,F1 ,Y,H1) S2 = (%X2 ,X2

0 ,U,F2 ,Y,H2)

Program 
Syntax 

Transition 
System 

Semantics 



A	transition	system			

consists	of	 		
•  A	set	of	states	 	 	X 	 			

•  A	subset	of	initial	states	 	X0	

•  A	set	of	events	 	 	U	

•  A	set	of	observations	 	Y	

•  A	transition	relation 			

•  An	observation	map	 	y=H(x)	

	

We	assume	systems	to	be	non-blocking,	nondeterministic	

State	X,	input	U,	output	Y	sets	may	be	infinite	(continuous/hybrid	systems)	

Language	L(S)	is	all	initialized	sequences	of	input/observations	

	

	

Transition systems 

S = ($X,X0 ,U,F,Y,H)

S

F : X×U→ 2X

U Y 



Basic problems 

Safety	verification:		 Is##Reach(S)∩SF#empty?

Model	checking:		 	Does	S	satisfy	temporal	logic	formula					?	
	 	Is	L(S)	contained	in	L(D)	

φ

Controller	Synthesis:		Does	S||C	satisfy	temporal	logic	formula	?	
	 					Is	L(S||C)	contained	in	L(D)			



A coffee machine* 

25c 

25c 

tea 

coffee 

25c	

coffee	
	(50c)	

tea	
(25c)	

25c	

25c	

tea	

coffee	

*R.	Milner,	Communicating	and	mobile	systems	:	the	pi-calculus,	Cambridge	University	Press,	1999	



An equivalent coffee machine* 

S1#

25c	

25c	

tea	

coffee	

*R.	Milner,	Communicating	and	mobile	systems	:	the	pi-calculus,	Cambridge	University	Press,	1999	

S2#

25c	

25c	

25c	

tea	

coffee	

L(S1) = L(S2)



Simulation relations 

Main	idea:	S2	can	simulate	S1	step	by	step			

	

	

A	relation																							is	called	a	simulation	relation	if	it	

1.	Respects	initial	states			

2.	Respects	observations	

3.	Respects	transitions	

R"⊆ X1"×"X2"""""

∀x1 ∈ X1
0%%%∃x2 ∈ X2

0%%%(x1 ,x2)∈R%

(x1 ,x2)∈R(⇒H1(x1) =H2(x2)

S1 = (%X1 ,X1
0 ,U,F1 ,Y,H1)

S2 = (%X2 ,X2
0 ,U,F2 ,Y,H2)

if#(x1 ,x2)∈R##then#

∀u""∀x1
' ∈ F1(x1 ,u)""∃x2

' ∈ F2(x2 ,u)""with""(x1
' ,x2

' )∈R



Game semantics of simulation relations 

25c	

25c	

tea	

coffee	25c	

25c	

25c	

tea	

coffee	

S1 ≤ S2

S2 ≤ S1

S1 ≅ S2 ≡ (S1 ≤ S2)∧(S2 ≤ S1)

S1# S2#



Exact relationships 

L(S1) = L(S2) L(S1)⊆ L(S2)

Reach(S1) =Reach(S2)

S1 ≅ S2 S1 ≤ S2

Reach(S1)⊆Reach(S2)



Exact relationships for deterministic systems 

L(S1) = L(S2) L(S1)⊆ L(S2)

Reach(S1) =Reach(S2)

S1 ≅ S2 S1 ≤ S2

Reach(S1)⊆Reach(S2)



Temporal logics 

Bisimulation	relations	preserve	all	properties	expressed	in	LTL,	CTL,	and	CTL*	
	
Simulation	relations	preserve	all	properties	expressed	in	fragments	of		CTL	
	
Language	equivalence	preserves	all	properties	expressed	in	LTL		
	
	
	
	
 

LTL	CTL	

CTL*	



Finite bi-simulations of hybrid automata* 

*R.	Alur	and	D.	Dill,	A	theory	of	timed	automata,	Theoretical	Computer	Science,	1994	
*G.	Lafferriere,	G.J.	Pappas,	S.S.	Sastry,	O-minimal	hybrid	systems,	Mathematics	of	Control,	Signals,	and	Systems,	2000	
*R.	Alur,	T.	Henzinger,	G.	Lafferriere,	G.J.	Pappas,	Discrete	abstractions	of	hybrid	systems,	Proceedings	of	IEEE,	2000	
*A.	Chutinam,	B.H.	Krogh,	Verification	of	infinite-state	systems	using	quotient	transition	systems,	IEEE	Transactions	on	Automatic	Control,	2001	
*	P.	Caines,	Hierarchical	Hybrid	Control	Systems,	a	lattice	theoretic	formulation,	IEEE	Transactions	on	Automatic	Control,	1998	
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Theorem*:	All	timed	automata	admit	a	finite	bisimulation	
				CTL*	model	checking	is	decidable	
					



Bi-simulations of dynamical and control systems* 

*G.J.	Pappas,	Bisimilar	linear	systems,	Automatica,	2003	

x
.

1(t) = A1x1(t)+B1u1(t)+E1d1(t)
y1(t) = C1x1(t)

u1(t) y1(t)

x
.

2(t) = A2x2(t)+B2u2(t)+E2d2(t)
y2(t) = C2x2(t)

u2(t) y2(t)

*E.	Hagverdi,	P.	Tabuada,	and	G.J.	Pappas,	Bisimulations	of	discrete,	continuous,	and	hybrid	systems,	Theoretical	Computer	Science,	2005.	

*A.	van	der	Schaft,	Equivalence	of	dynamical	system	by	bisimulation,	IEEE	Transactions	on	Automatic	Control,	2004	

L(S1) = {(u1(t),y1(t))|∃-x1(t),d1(t)--satisfying--equations}--

L(S2) = {(u2(t),y2(t))|∃x2(t),d2(t)///satisfying//equations}//

S1#

S2#

*G.	Pola,	A.	van	der	Schaft,	and	M.	D.	di	Benedetto,	Equivalence	of	switched	linear	systems	by	bisimulation,	Int.	Journal	of	Control,	2006.	



Symbolic controller synthesis* 

* P. Caines, Hierarchical Hybrid Control Systems, a lattice theoretic formulation, IEEE Transactions on Automatic Control, 1998	
*P.	Tabuada	and	G.	J.	Pappas,	LTL	control	of	discrete-time	linear	systems,	IEEE	Transactions	on	Automatic	Control,	2006	
*C.	Belta,	V.	Isler,	G.J.	Pappas,	Discrete	abstractions	for	robot	planning	and	control,	IEEE	Transactions	in	Robotics,	2005	
*L.	Habets,	P.J.	Collins,	J.	van	Schuppen,	Reachability	and	control	synthesis	for	PWA	hybrid	systems,	IEEE	Transactions	on	Automatic	Control,	2006	



•  Exact	relationships	useful	for	binary	answers/relations			

•  Exact	results	are	fragile	with	respect	to	uncertainty	

•  When	interacting	with	the	physical	world,	we	need	approximations	
–  Labeled	Markov	processes	 	 	(Desharnais	et.	al.,	TCS	2004)	
–  Quantitative	transition	systems	 	 	(de	Alfaro	et.	al.,	ICALP	2004)	
–  Quantitative	generalizations	of	languages		 	(Henzinger,		DLT	2007)	

		
•  Approximate	system	relationships		

–  Enable	larger	system	“compression”		
–  Quantify	error/complexity	tradeoffs	
–  Provide	measures	of	robustness	
–  Potentially	introduce	different	algorithms 		

From exact to approximate 



Part	II	:	Approximation	
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Approximation Metrics for Discrete and
Continuous Systems

Antoine Girard and George J. Pappas, Senior Member, IEEE

Abstract—Established system relationships for discrete systems,
such as language inclusion, simulation, and bisimulation, require
system observations to be identical. When interacting with the
physical world, modeled by continuous or hybrid systems, exact
relationships are restrictive and not robust. In this paper, we
develop the first framework of system approximation that applies
to both discrete and continuous systems by developing notions
of approximate language inclusion, approximate simulation, and
approximate bisimulation relations. We define a hierarchy of
approximation pseudo-metrics between two systems that quantify
the quality of the approximation, and capture the established exact
relationships as zero sections. Our approximation framework is
compositional for a synchronous composition operator. Algo-
rithms are developed for computing the proposed pseudo-metrics,
both exactly and approximately. The exact algorithms require the
generalization of the fixed point algorithms for computing simula-
tion and bisimulation relations, or dually, the solution of a static
game whose cost is the so-called branching distance between the
systems. Approximations for the pseudo-metrics can be obtained
by considering Lyapunov-like functions called simulation and
bisimulation functions. We illustrate our approximation frame-
work in reducing the complexity of safety verification problems
for both deterministic and nondeterministic continuous systems.

Index Terms—Abstraction, approximation, bisimulation, met-
rics, transition systems.

I. INTRODUCTION

COMPOSITIONAL modeling in concurrency theory [1],
and complexity reduction in the formal verification of

discrete systems [2] have resulted in a wealth of system relation-
ships, including the established notions of language inclusion,
simulations and bisimulations [2]. These notions have had great
impact in not only reducing the complexity of discrete systems
[3], but also in reducing problems for continuous and hybrid
systems to purely discrete problems [4]. Much more recently,
the notions of simulation and bisimulation have resulted in new
equivalence notions for nondeterministic continuous [5]–[7]
and hybrid systems [8]–[10].

The notions of language inclusion, simulation, and bisimu-
lation for both discrete and continuous systems are all exact,
requiring external behavior of two systems to be identical. As

Manuscript received May 17, 2005; revised April 10. 2006 and August 1,
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at http://ieeexplore.ieee.org.
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exact relationships between systems might require the intro-
duction of additional variables or states to account for errors,
there are clear limitations in the amount of system compres-
sion that can be achieved. Approximate relationships which ex-
plicitly include errors, will certainly allow for more dramatic
system compression. Even though this has been the tradition
for deterministic continuous systems [11], it has been recently
argued convincingly [12]–[14], that even for more quantitative
classes of finite transition systems, such as probabilistic au-
tomata [14], labeled Markov processes [15], and quantitative
transition systems [16], notions of system approximation are not
only better candidates for complexity reduction but also provide
more robust relationships between systems. The challenge in de-
veloping approximate system relationships is the quantification
of the quality of the approximation.

The goal of this paper is to provide a theory of system approx-
imation that applies to both finite (discrete) and infinite (contin-
uous) transition systems by providing approximate generaliza-
tions of language inclusion, simulation, and bisimulation. By
generalizing the exact notions we ensure that our framework
captures the traditional exact notions for finite systems as a spe-
cial case, while developing more robust notions of system ap-
proximation for infinite transition systems.

To technically achieve our goal, we consider metric tran-
sition systems, which are transition systems equipped with
metrics on the state space and the observation space. Based
on the observation metric, we develop a hierarchy of ap-
proximation pseudo-metrics between two metric transition
systems measuring the distance from reachable set inclusion
and equivalence, language inclusion and equivalence, sim-
ulation and bisimulation relations. For a large subclass of
systems, the notions of exact language inclusion, simulation,
and bisimulation are naturally captured as the zero sections of
the pseudo-metrics. Furthermore, the relationship among the
various approximation metrics is analogous to the relationship
among the exact notions. For a synchronous composition op-
erator, we show that the language, simulation and bisimulation
metrics are compositional.

We then propose algorithms for computing the proposed
pseudo-metrics, both exactly and approximately. Algorithms
for exact computation require the generalization of the fixed
point algorithms for computing simulation and bisimulation
relations [17], or dually, the solution of a static game whose cost
is the so-called branching distance between the systems [16].
Algorithmic relaxations for computing approximations of the
pseudo-metrics can be obtained by considering Lyapunov-like
functions called simulation and bisimulation functions, which
are also shown to be compositional.

0018-9286/$25.00 © 2007 IEEE



Define	pseudo-metrics	on	the	set	of	transition	systems:	

Exact	notions	captured	as	zero	sections	of	pseudo-metrics.	

How	can	we	define	such	metrics	and	how	are	they	related	?	

Approximate relationships* 

dL
→(S1 ,S2) = 0+ iff +L(S1)⊆+L(S2)

dL (S1 ,S2) = 0+ iff +L(S1) =+L(S2)

dS
→(S1 ,S2) = 0 iff +S1 ≤ S2
dB(S1 ,S2) = 0 iff +S1 ≅ S2

*A. Girard and G.J. Pappas, Approximation metrics for discrete and continuous systems, IEEE Transactions on Automatic Control, May 2007. 



Assumption:	Transition	systems	equipped	with	metric																	
	 		

	

	 		

	

	

	
dL
→(S1 ,S2) = sup

r1∈L(S1 )
. inf
r2∈L(S2 )

.d∞(r1 ,r2 )

dL(S1 ,S2) =max{.dL
→(S1 ,S2).,.dL

→(S2 ,S1).}.

Language metrics 

U Y S1

U Y S2

d∞(r1 ,r2) =
sup
i∈N

//dY(y1
i ,y2

i )////for/same/input

+∞///////////////otherwise

"
#
$

%$

dY(y1 ,y2)

Language	metric	is	the	Hausdorff	distance	of	L(S1)	and	L(S2)		



Approximate simulation relations 

Main	idea:	S2	can	simulate	S1	step	by	step	with	error			

	

	

A	relation																							is	called	an				-simulation	relation	if	it	

1.	Respects	initial	states			

2.	Respects	observations	

3.	Respects	transitions	

Rε "⊆ X1"×"X2"""""

∀x1 ∈ X1
0%%%∃x2 ∈ X2

0%%%(x1 ,x2)∈Rε %

(x1 ,x2)∈Rε (⇒ dY(H1(x1),H2(x2)) ≤ ε

S1 = (%X1 ,X1
0 ,U,F1 ,Y,H1)

S2 = (%X2 ,X2
0 ,U,F2 ,Y,H2)

if#(x1 ,x2)∈Rε ##then#

∀u""∀x1
' ∈ F1(x1 ,u)""∃x2

' ∈ F2(x2 ,u)""with""(x1
' ,x2

' )∈Rε

ε ≥ 0

ε



Bi-simulation metrics 

The	simulation	metric	is	the	tightest	precision	with	which							simulates	
	
	
	
	
Similarly,	the	bi-simulation	metric	is	defined	as			
 

dS
→(S1 ,S2) = inf

ε≥0
.{.S1 ≤ε S2.}

S1S2

dB(S1 ,S2) = inf
ε≥0
/{/S1 ≅ε S2/}



Approximate bi-simulation  

Theorem*	:	Under	mild	technical	conditions,		
	
	
	
	
 

S1 ≤ S2 ⇔ dS
→(S1 ,S2) = 0

S1 ≅ S2 ⇔ dB(S1 ,S2) = 0

*A. Girard and G.J. Pappas, Approximation metrics for discrete and continuous systems, IEEE Transactions on Automatic Control, May 2007. 



Deterministic systems 

Theorem*	:	For	deterministic	transition	systems,		
	
	
	
	
 

dS
→(S1 ,S2) = dL

→(S1 ,S2)

dB(S1 ,S2) = dL (S1 ,S2)

*A. Girard and G.J. Pappas, Approximation metrics for discrete and continuous systems, IEEE Transactions on Automatic Control, May 2007. 



Hierarchy of approximation metrics* 

dB(S1 ,S2) dS
→(S1 ,S2)

dL(S1 ,S2) dL
→(S1 ,S2)

dR(S1 ,S2) dR
→(S1 ,S2)

*A. Girard and G.J. Pappas, Approximation metrics for discrete and continuous systems, IEEE Transactions on Automatic Control, May 2007. 



If metrics are zero then we recover 

L(S1) = L(S2)

Reach(S1) =Reach(S2)

S1 ≅ S2 S1 ≤ S2

L(S1)⊆ L(S2)

Reach(S1)⊆Reach(S2)



Part	III	:	Computation	



Simulation algorithm 

Approximate	simulation	relations	can	be	computed	using	the	set	theoretic	algorithm	
 
 
 
 
 
 
We obtain that  
 
 
Fixed	point	is	an					-approximate	simulation	relation.	
	
	
For											,	we	obtain	the	classical	simulation	refinement	algorithm.			
	
	
For	finite	transition	systems,	algorithm	terminates.		Complexity	is		O(n1+m1,n2+m2)		

R0 = {%(x1 ,x2)%%|%%dY(H(x1),H(x2))%≤ ε%}

Ri+1 = {'(x1 ,x2)∈Ri''|''∀x1
u#→# 1'x1

' '∃q2
u#→# 2 x2

' ''(x1
' ,x2

' )∈Ri'}

Given&&ε ≥ 0

ε = 0

ε



Duality 

	

Express	relations	as	level	sets	of	(bi)-simulation	functions	

	

	

	

	

	

	

	

(x1 ,x2)'∈Rε ''⇔ V(x1 ,x2)'≤ ε'



Exact computation 

Minimal	simulation	function	is	fixed	point	of	Hamilton-Jacobi	iteration		
	
	
	
	
	
Minimal	simulation	functions	define	the	simulation	metric	
	
	
	
	
	
	
Remarks:	1.	Computation	requires	solution	of	a	dynamic	and	a	static	game	

	2.	Initialization	affects	the	distance	of	two	systems		
	3.	Similar	story	for	bi-simulation	functions	
	 		

	

V*(x1 ,x2) =max{-dY(H(x1),H(x2)-, sup
x1→1x1

'
-- inf
x2→2x2

'
--V*(x1

' ,x2
' )}

dS
→(S1 ,S2) =)sup

x1∈X1
0
) inf
x2∈X2

0
))V*(x1 ,x2))



Approximation using Lyapunov-relaxations 

Simulation	functions	bound	the	observational	distance	and	are	non-increasing	
	
	
	
	
	
Simulation	functions	provide	bounds	for	the	simulation	metric	
	
	
	
	
	
	
Remarks:	1.	Level	sets	of	any	V	are	approximate	simulation	relations		

	2.	Initialization	affects	the	distance	of	two	systems		
	3.	Similar	story	for	bi-simulation	functions	

V(x1 ,x2)≥max{+dY(H(x1),H(x2)+, sup
x1→1x1

'
++ inf
x2→2x2

'
++V(x1

' ,x2
' )}

dS
→(S1 ,S2)≤(sup

x1∈X1
0
( inf
x2∈X2

0
((V(x1 ,x2)(



	 	 						 		

Uncertain continuous systems 

y1(t)

y2(t)

S1#

S2#

We	are	looking	for	bi-simulation	functions																			satisfying		

V2(x) ≥||g(x)||2
2

sup
d1∈D1

'' inf
d2∈D2

'''∇V'⋅F(x,d)''≤ 0

x
.

1 = f 1(x1 ,d1)****d1(t)∈D1

y1 = g1(x1)
x =

x1
x2

!

"
#

$

%
& d=

d1
d2

!

"
#

$

%
&

x
.

2 = f 2(x2 ,d2)****d2(t)∈D2

y2 = g2(x2)

V(x1 ,x2)

F(x,d) =
f1(x1 ,d1)
f2(x2 ,d2)
!

"
#

$

%
&

g(x) = g1(x1) ' g2(x2)

sup
d2∈D2

&& inf
d1∈D1

&&&∇V&⋅F(x,d)&&≤ 0



Constrained linear systems* 

x
.

1 = %2x1 + y1 + z1 +d1

y
.

1 = %+x1+++++++++++ z1 +d1

z
.

1 =+++x1++++% y1 % 2z1
y1 = x1(t)

x
.

2 = %&x2&&&&&&&&+ d2

y2 = x2(t) d2 ∈ [$1,1]

d1 ∈ [$1,1]

dS
→(S1 ,S2) ≤)sup

I1
)inf
I2
))V)= 1

dS
→(S2 ,S1) = 0

dB(S2 ,S1) ≤ 1

I2 = {2 ≤ x2(0) ≤ 5}

I1 = {%1 ≤ x1(0) % y1(0) % z1(0) ≤ 1
8 ≤ y1(0) ≤ 9,0% 6 ≤ z1(0) ≤ %4}

⇒Reach(S1)⊆N(Reach(S2),1)

y1(t)

y2(t)
S1#

S2#

*A. Girard and G.J. Pappas, Approximate bi-simulation relations for constrained linear systems, Automatica, 2007. 

Search	for	truncated	quadratic	function	V(x)=max{	x’Mx,	c}	to	obtain	



Computational approaches for various classes 
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Abstract

In this paper, we define the notion of approximate bisimulation relation between two continuous systems. While exact bisimulation requires
that the observations of two systems are and remain identical, approximate bisimulation allows the observations to be different provided the
distance between them remains bounded by some parameter called precision. Approximate bisimulation relations are conveniently defined as
level sets of a so-called bisimulation function which can be characterized using Lyapunov-like differential inequalities. For a class of constrained
linear systems, we develop computationally effective characterizations of bisimulation functions that can be interpreted in terms of linear matrix
inequalities and optimal values of static games. We derive a method to evaluate the precision of the approximate bisimulation relation between
a constrained linear system and its projection. This method has been implemented in a Matlab toolbox: MATISSE. An example of use of the
toolbox in the context of safety verification is shown.
" 2007 Elsevier Ltd. All rights reserved.

Keywords: Abstractions; Approximation; Bisimulation; Lyapunov techniques; Safety

1. Introduction

Well-established notions of system refinement and equiva-
lence for discrete systems such as language inclusion, simu-
lation and bisimulation relations have been shown useful to
reduce the complexity of formal verification (Clarke, Grumberg,
& Peled, 2000). More recently, the notions of simulation and
bisimulation relations have been extended to continuous and
hybrid-state spaces resulting in new equivalence notions for
nondeterministic continuous (Pappas, 2003; van der Schaft,
2004) and hybrid systems (Haghverdi, Tabuada, & Pappas,
2005; Pola, van der Schaft, & Di Benedetto, 2004). These
concepts are all exact, requiring observed behaviors of two
systems to be identical. For systems observed over a metric

! This paper was not presented at any IFAC meeting. This paper was
recommended for publication in revised form by Associate Editor Andrew R.
Teel under the direction of Editor Hassan Khalil. This research is partially
supported by the Région Rhône-Alpes (Projet CalCel) and the National
Science Foundation Presidential Early CAREER (PECASE) Grant 0132716.

∗ Corresponding author: Tel.: +33 476514342; fax +33 476631263.
E-mail addresses: Antoine.Girard@imag.fr (A. Girard),

pappasg@seas.upenn.edu (G.J. Pappas).

0005-1098/$ - see front matter " 2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.automatica.2007.01.019

space, approximate concepts which give the possibility of an
error, certainly allow for more dramatic system compression
while providing more robust relationships between systems.
Several approaches based on approximate versions of simu-
lation and bisimulation relations have been explored recently
for quantitative (de Alfaro, Faella, & Stoelinga, 2004), stochas-
tic (Desharnais, Gupta, Jagadeesan, & Panangaden, 2004) and
metric (Girard & Pappas, 2007) transition systems.

Girard and Pappas (2007) developed an approximation
framework which applies for both discrete and continuous
transition systems. We defined an approximate version of
bisimulation relations based on a metric on the set of obser-
vations by relaxing the observational equivalence required by
exact bisimulation relations. Approximate bisimulation rela-
tions can be characterized as level sets of a so-called bisimula-
tion function. A bisimulation function is a function bounding
the distance between the observations of two systems and
non-increasing under their parallel evolutions. This Lyapunov-
like property allows the design of computationally effec-
tive methods for the computation of bisimulation functions.
Computational approaches have been developed for cons-
trained linear dynamical systems (Girard & Pappas, 2005a) and
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Approximations of Stochastic Hybrid Systems
A. Agung Julius, Member, IEEE, and George J. Pappas, Fellow, IEEE

Abstract—This paper develops a notion of approximation for a
class of stochastic hybrid systems that includes, as special cases,
both jump linear stochastic systems and linear stochastic hybrid
automata. Our approximation framework is based on the recently
developed notion of the so-called stochastic simulation functions.
These Lyapunov-like functions can be used to rigorously quantify
the distance or error between a system and its approximate ab-
straction. For the class of jump linear stochastic systems and linear
stochastic hybrid automata, we show that the computation of sto-
chastic simulation functions can be cast as a tractable linear ma-
trix inequality problem. This enables us to compute the modeling
error incurred by abstracting some of the continuous dynamics, or
by neglecting the influence of stochastic noise, or even the influence
of stochastic discrete jumps.

Index Terms—Approximation, bisimulation, stochastic hybrid
systems, verification.

I. INTRODUCTION

S TOCHASTIC hybrid systems are hybrid systems where
both the discrete and the continuous dynamics may contain

stochastic behavior. Their tremendous modeling expressivity
has enabled various researchers to use stochastic hybrid systems
as models in various application domains such as air traffic man-
agement system [1]–[4], systems biology [5]–[8], biochemistry
[9], and communication networks [10], [11].

There are several modeling formalisms for stochastic hybrid
systems. In [12], a general type of stochastic hybrid systems,
whose continuous dynamics is described by diffusion stochastic
differential equation [13], is presented. Mode switching occurs
when some invariant condition in the corresponding mode is vi-
olated. Earlier work on stochastic hybrid systems can be found
in [14], which features multi-modal diffusion equation called
the switched diffusion processes. A later work by Ghosh and
Bagchi [15] enriched the previous framework with reset. An-
other framework that is also popular is the piecewise deter-
ministic Markov processes [10], [16]. This framework does not
feature stochastic differential equations, but uses deterministic
continuous dynamics described by ordinary differential equa-
tions. In this framework, the discrete switching is modeled as
a Poisson process. For a more thorough survey on the various

Manuscript received June 08, 2006; revised June 10, 2007. First published
May 27, 2009; current version published June 10, 2009. This work was sup-
ported in part by the National Science Foundation Presidential Early CAREER
(PECASE) Grant 0132716. Recommended by Associate Editor J. P. Hespanha.

A. A. Julius is with the Department of Electrical, Computer and Systems
Engineering, Rensselaer Polytechnic Institute, Troy, NY 12180 USA (e-mail:
agung@ecse.rpi.edu).

G. J. Pappas is with the Department of Electrical and Systems Engi-
neering, University of Pennsylvania, Philadelphia PA 19104 USA (e-mail:
pappasg@seas.upenn.edu).

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TAC.2009.2019791

modeling formalisms for stochastic hybrid systems, the inter-
ested reader is referred to [2], [17].

A basic analysis problem for stochastic hybrid systems is
the so-called safety verification problem which tries to compute
the probability that the system will enter a particular region of
the state space. Since the complexity of the safety verification
problem depends on the size of the state space, a natural ap-
proach is to abstract the original systems by a simpler abstracted
model. If the modeling error between the two systems can be
quantified, then analysis can be performed on the abstracted,
simpler system and the results can then be carried over into the
original system.

Our approximation framework for stochastic hybrid systems
is inspired by the recent notion of approximate bisimulation
[18], [19], developed for non-stochastic discrete or continuous,
systems. Approximate bisimulation naturally generalize exact
notions of system refinement and equivalence [20], [21]. No-
tions of exact bisimulation have been recently developed for
some classes of stochastic hybrid systems in [22], [23]. In par-
ticular, in [22], a notion of exact bisimulation for general sto-
chastic hybrid systems is developed using notions from category
theory, whereas in [23] the issue of exact bisimulation is treated
for the so called communicating piecewise deterministic hybrid
systems.

In the context of stochastic hybrid systems, requiring that
the abstraction of a system is exactly equivalent to the original
system can be too restrictive. If we allow for some error in the
notion of equivalence, we can obtain an abstraction that is only
approximately equivalent to the original system, but has lesser
complexity than any of the systems that are exactly equivalent.
Notions of approximate equivalence of systems have been devel-
oped, for example in [18], [19], [24]. Critical to these approaches
is the use of a metric with which we measure the distance
between systems and hence the quality of the approximation.

In this paper, we consider approximate abstraction of sto-
chastic hybrid systems, using the idea of approximate bisimu-
lation, which is developed in [18], [19] for non-stochastic sys-
tems. There have been other works in the same direction. In
[25], [26], the authors develop some metrics for labeled Markov
processes and probabilistic transition systems, inspired by the
Hutchinson metric, which gives the distance between two distri-
butions of the transition probability. The approach that we take
in this paper differs from that, in two aspects. First, we use a dif-
ferent kind of metric. The metric that we use is based on the
distance between the output trajectories of the systems. Second,
the modeling formalism that we use is also different. Rather than
embedding the stochastic hybrid systems as stochastic transition
systems, we adopt the idea of bisimulation function from [18],
[19], and develop a stochastic version of it.

In this paper, we develop a theory of approximate bisimu-
lation for a class of stochastic hybrid automata, in which the
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Approximate Abstractions of Stochastic Hybrid Systems

Alessandro Abate, Alessandro D’Innocenzo, and
Maria D. Di Benedetto

Abstract—We present a constructive procedure for obtaining a finite ap-
proximate abstraction of a discrete-time stochastic hybrid system. The pro-
cedure consists of a partition of the state space of the system and depends
on a controllable parameter. Given proper continuity assumptions on the
model, the approximation errors introduced by the abstraction procedure
are explicitly computed and it is shown that they can be tuned through
the parameter of the partition. The abstraction is interpreted as a Markov
set-Chain. We show that the enforcement of certain ergodic properties on
the stochastic hybrid model implies the existence of a finite abstraction with
finite error in time over the concrete model, and allows introducing a fi-
nite-time algorithm that computes the abstraction.

Index Terms—Markov Chains, stochastic hybrid systems.

I. INTRODUCTION AND RELATED WORK

The study of complex, heterogeneous, and probabilistic models such
as Stochastic Hybrid Systems poses challenges, both analytically (e.g.,
steady-state analysis, synthesis of optimal controllers [1]) and com-
putationally (e.g., reachability and safety analysis [2]). An approach
that is used to cope with this issue is that of approximate abstraction: a
system with smaller (possibly finite) state space is obtained, which is
approximately equivalent to the original system [3]. Unlike the exact
concept of equivalence, which is usually defined by the notions of lan-
guage equivalence and bisimulation [4] and as such is quite restrictive
since it requires a perfect correspondence between the trajectories of
the original system and those of its abstraction, approximate notions
of system equivalence [3], [5], [6] are endowed with a proper metric
quantifying the distance between the trajectories of the original system
and those of the approximate abstraction. The research on abstraction
techniques for dynamical systems has two general goals. The first ob-
jective is that of proving the existence of a finite abstraction [4], while
the second goal is that of developing finite time and tunable abstraction
algorithms [5].

Abstraction techniques have been adapted to probabilistic models,
for instance to discrete-space, continuous-time models [7]. Notions of
bisimulation, which naturally lead to abstracted models, have been de-
veloped for classical discrete Markov processes in [8]–[10], and for
jump linear stochastic systems in [6].

Weak approximations of continuous-time probabilistic models as
locally-consistent Markov Chains have been introduced by [11], and
applied on hybrid models in [12], [13], whereas approximations of
discrete-time Markov models can be alternatively studied via renewal
theory, as in [14]. Notice that both approaches are different than the
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present work in that they derive no explicit approximation bound. Re-
lated to this work, recently [15] has proposed explicit error bounds on a
time and space discretization of a Markov process with certain ergodic
properties.

In this work we provide new results on approximate abstractions of
discrete-time stochastic hybrid systems (DTSHS). DTSHS encompass
a number of other classes of stochastic hybrid models in the literature
[16]. The main contributions of this technical note can be summarized
as follows:

• We introduce a procedure to construct an approximate abstraction
of a DTSHS, which involves the partition of the state space and
the approximation of the transition laws of the DTSHS over the
partition sets, with an explicit computation of the error.

• The abstraction is interpreted as a Markov set-Chain (MSC) [17].
MSC are useful as they comprise both stochastic and non-deter-
ministic parts. In the present context, the stochastic quantities ap-
proximate the probability law of the original system, while the
non deterministic behaviors are used to quantitatively take into
account the error introduced by the abstraction procedure.

• By posing some continuity assumptions on the DTSHS model,
we derive an explicit and tunable bound on the error between the
probability distribution of the abstracted model (the MSC) and
that of the original model (the DTSHS, considered over the parti-
tion sets), for each time instant (and, in particular, in steady-state).
The tunable bound allows for refinements of the abstraction pro-
cedure.

• Based on the derived error bound in time and given proper as-
sumptions on the ergodicity of the original DTSHS, the contribu-
tion proposes a finite time algorithm to construct an approximate
abstraction with arbitrary positive precision. The precision is re-
lated to the distance between the steady-state distributions.

Using the concept of distance between the probability laws of the
original system and those of the abstraction, the proposed procedure
and the associated time-dependent bounds represent a step towards a
formalization of the notion of approximate stochastic bisimulation for
general probabilistic models [8]–[10]. Looking forward, our work ad-
dresses the following general verification purpose: given a DTSHS,
verify the probabilistic properties of the original system on a finite-di-
mensional MSC abstraction with arbitrary precision.

Section II introduces the class of stochastic hybrid models under
study, namely the DTSHS. Section III recalls some results on MSC
to be utilized in the rest of the work. Section IV introduces the abstrac-
tion procedure as a partitioning of the state space. Section V delves into
the derivation of the errors associated with the abstraction, which turns
the original DTSHS into a MSC. We show that, under proper ergodic
assumptions on the DTSHS, it is possible to construct an approximate
abstraction with arbitrary precision over time. We also propose an algo-
rithm for building in finite time an abstraction endowed with the prop-
erty that its steady state is arbitrarily close to that of the original system.
Section VI concludes the article. The appendix contains the proofs of
the statements.

II. DISCRETE-TIME STOCHASTIC HYBRID SYSTEMS

Definition 1 (DTCSHS): A discrete-time stochastic hybrid system
is a tuple , where

• , is the hybrid state space, which consists
of a set of discrete modes , for some finite

, and of a set of continuous domains, one for each mode
, each of which is defined to be a compact set .

The function assigns to each the finite
dimension of the continuous state space ;
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Approximately Bisimilar Symbolic Models
for Incrementally Stable Switched Systems

Antoine Girard, Member, IEEE, Giordano Pola, Member, IEEE, and Paulo Tabuada, Senior Member, IEEE

Abstract—Switched systems constitute an important modeling
paradigm faithfully describing many engineering systems in which
software interacts with the physical world. Despite considerable
progress on stability and stabilization of switched systems, the
constant evolution of technology demands that we make similar
progress with respect to different, and perhaps more complex,
objectives. This paper describes one particular approach to
address these different objectives based on the construction of ap-
proximately equivalent (bisimilar) symbolic models for switched
systems. The main contribution of this paper consists in showing
that under standard assumptions ensuring incremental stability of
a switched system (i.e., existence of a common Lyapunov function,
or multiple Lyapunov functions with dwell time), it is possible to
construct a finite symbolic model that is approximately bisimilar
to the original switched system with a precision that can be chosen
a priori. To support the computational merits of the proposed
approach, we use symbolic models to synthesize controllers for
two examples of switched systems, including the boost dc–dc
converter.

Index Terms—Approximate bisimulation, finite controllers,
switched systems.

I. INTRODUCTION

S WITCHED systems constitute an important modeling
paradigm faithfully describing many engineering systems

in which software interacts with the physical world. Although
this fact already amply justifies its study, switched systems are
also quite intriguing from a theoretical point of view. It is well
known that by judiciously switching between stable subsystems
one can render the overall system unstable. This motivated
several researchers over the years to understand which classes
of switching strategies or switching signals preserve stability
(see, e.g., [1]). Despite considerable progress on stability
and stabilization of switched systems, the constant evolution
of technology demands that we make similar progress with
respect to different, and perhaps more complex, objectives.
These comprise the synthesis of control strategies guiding
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the switched systems through predetermined operating points
while avoiding certain regions in the state space, enforcing
limit cycles and oscillatory behavior, reconfiguration upon the
occurrence of faults, etc.

This paper describes one particular approach to address
these different objectives based on the construction of symbolic
models that are abstract descriptions of the switched dynamics
and where each abstract state, or symbol, corresponds to an
aggregate of states in the switched system. When the symbolic
models are finite, controller synthesis problems can be effi-
ciently solved by resorting to mature techniques developed in
the areas of supervisory control of discrete-event systems [2]
and algorithmic game theory [3]. The crucial step is therefore
the construction of symbolic models that are detailed enough
to capture all the behavior of the original system, but not
so detailed that their use for synthesis is as difficult as the
original model. This is accomplished, at the technical level,
by using the notion of approximate bisimulation. Approximate
bisimulation has been introduced in [4], as an approximate
version of the usual bisimulation relation [5], [6], and in [7]
by using set-valued observations. It generalizes the notion of
bisimulation by requiring the outputs of two systems to be close
instead of being strictly equal. This relaxed requirement makes
it possible to compute symbolic models for larger classes of
systems as shown recently for incrementally stable continuous
control systems [8].

In this paper, we first extend the standard theorems on asymp-
totic stability of switched systems, i.e., results based on the ex-
istence a common Lyapunov function, or multiple Lyapunov
functions with dwell time [1], to study incremental stability of
switched systems. The main contribution of the paper consists
in showing that under the assumptions ensuring incremental sta-
bility of a switched system, it is possible to construct a symbolic
model that is approximately bisimilar to the original switched
system with a precision that can be chosen a priori. The proof
is constructive and it is straightforward to derive a procedure for
the computation of these symbolic models. Since in problems of
practical interest the state space can be assumed to be bounded,
the resulting symbolic model is guaranteed to have finitely many
states and can thus be used for algorithmic controller synthesis.
To support the computational merits of the proposed approach,
we show how to use symbolic models to synthesize controllers
for two examples of switched systems. First, we consider the
boost dc–dc converter, and show how to synthesize a switched
controller that regulates the output voltage at a desired level. For
this example, it is possible to find a common Lyapunov function,
therefore, we consider a second example that illustrates the use
of multiple Lyapunov functions with dwell time. A preliminary
investigation on the existence of symbolic models for switched

0018-9286/$26.00 © 2010 IEEE
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