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Abstract

The decentralized control problem addressed in this pa-

per is that of several communicating supervisory con-

trollers, each with di�erent information, working in

concert to exactly achieve a given legal sublanguage of

the uncontrolled system's language model. A general

model is reviewed for dealing with this class of prob-

lems. Existence, non-uniqueness, and some synthesis

results to the above-mentioned problem are given.

1 Introduction

The decentralized nature of information in many large-

scale systems as well as practicality dictate the need

for control systems that are also decentralized. De-

centralized supervisory control, in the absence of com-

munication, has been well studied in previous work

[1, 2, 3, 4, 5], and many classi�cations of language

structure admitting decentralized control without com-

munication exist including co-observability, decompos-

ability and strong decomposability. Control of logical

discrete-event systems with communication has been

pondered recently in [6, 7, 8]. However, prior work

lacked a framework general enough to address many in-

teresting questions concerning this problem. A useful

model was introduced in [9] for this class of problems.

This paper extends the work done in [9] on the prob-

lem of several communicating supervisory controllers

working in concert to exactly achieve a given legal sub-

language of the uncontrolled system's model. The con-

tributions of this work are:

1. Necessary and su�cient existence conditions are

given in Section 3 that characterize the class of

languages achievable by decentralized controllers

1This research is supported in part by the DDR&E MURI on
Low Energy Electronics Design for Mobile Platforms and man-
aged by ARO under grant ARO DAAH04-96-1-0377.

that anticipate future communications fromother

controllers.

2. Necessary and su�cient conditions are given that

characterize the class of languages achievable by

communicating supervisory controllers, termed

\myopic", that do not anticipate future commu-

nications. By comparing the classes of languages

described by the previous two contributions, we

elucidate the signi�cance of controllers that an-

ticipate future communications in decentralized

supervisory control problems.

3. Several basic conditions for optimality of commu-

nication policies are given in Section 4.

4. In Section 5 a �nite version of the myopic con-

troller information structure is presented. The

controllers in this class maintain and communi-

cate �nite state estimates.

5. A procedure is presented for �nding an optimal

communication policy, if one exists, for the above

mentioned class of �nite myopic controllers.

General knowledge of supervisory control and its most

common notation is assumed, and for introductory ma-

terial the reader is directed to [10, 11, 12, 13]. This pa-

per is often quite terse due to space constraints; how-

ever, the reader is directed to [14] for more thorough

discussion, examples, and proofs of results. The orga-

nization of this paper is as follows. Section 2 reviews

and describes the novel information structure formal-

ism introduced in [9]. Given this general framework,

the problem examined in this paper is then formally

stated. In Section 3, two cases for existence results

are considered: when controllers do and do not antic-

ipate future communications. Communication policy

optimality is discussed in Section 4. Optimality and

synthesis results for a constrained class of (�nite) con-

trollers are given in Section 5. The paper concludes

with a summary and future extensions in Section 6.
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2 A General Framework for Decentralized

Supervisory Control Problems

When designing communicating supervisory controllers

that cooperate to achieve a desired legal behavior, the

three roles of each controller must be considered: esti-

mation, control, and communication. In general, these

three roles cannot be separated, and any synthesis pro-

cedure must take all into account simultaneously. In

this section, we review the model presented in [9] that

is useful for capturing the interaction between these

three roles.

Consider a discrete-event system modeled by an au-

tomaton G with associated language L(G). Associated

with the system is a set of events that can be disabled

�c, and a set of observable events �o. The set of all

events is denoted by �. The sets of uncontrollable and

unobservable events are denoted by �uc = � n�c and

�uo = �n�o respectively. To control the system, there

is a �nite set of coordinating controllers represented by

Z = f1; 2; : : : ; ng. Each controller i 2 Z has an as-

sociated set of events �c;i � �c that it can disable, a

set �i of symbols that it is allowed to communicate to

other controllers, and a set of events �o;i � �o that

it can directly observe. The events that are unobserv-

able to each controller are given by �uo;i = � n �o;i.

To represent the fact that controllers have only partial

observations of traces in L(G) a projection operator,

P�o;i
: �� ! ��o;i, is de�ned as follows: P�o;i

(�) = �

if � 2 �o;i otherwise P�o;i
(�) = �, and (8s� 2 ��)

P�o;i
(s�) = P�o;i

(s)P�o;i
(�). If the subscript alphabet

is not given, e.g. P, then it is assumed the subscript is

the set of all observable events �o. The inverse projec-
tion of P�o;i

is the mapping P�1

�o;i
: ��o;i ! 2�

�

de�ned

as P�1

�o;i
(!) = fs 2 ��jP�o;i

(s) = !g. The various

methods of combining control signals will not be dealt

with in this paper (see [15]), but regardless of how the

control signals are combined the closed-loop language

of the plant, G, under control of the set of supervisors,

Z, is denoted by L(Z=G).

Following a trace s 2 L(Z=G) the unprocessed data

available to a controller, i 2 Z, for making a decision

is represented by an extended trace [16] of the form:

tki = �i1

2
4Y
j2Z

�
j;i
1

3
5�i2

2
4Y
j2Z

�
j;i
2

3
5 : : : �ik

2
4Y
j2Z

�
j;i

k

3
5 2 Ti

where �i 2 �o;i [ f�g (� denotes the empty trace), �j;i

is a set of symbols communicated from Controller j

to Controller i. The extended traces will be referred

to as observation/communication trajectories or, more

simply, trajectories. The trajectories observed by con-

trollers are projected versions of the global trajectories

de�ned by the set T �
�
�
�
C�

n�n
���

. A communica-

tion matrix C� 2 C�
n�n is a matrix with transmitter

and receiver axis and elements which are sets of sym-

bols being communicated. The dynamic con�guration

of the communication channels in this model is closely

related to mobility in Milner's �-calculus [17].

De�ne the mapping T : (�[C�
n�n])� ! �� that essen-

tially projects trajectories to their underlying event se-

quences, and to derive the trajectory sets, Ti, from the

global set of trajectories, T , a pre�x-preserving projec-

tion operator �i : T ! Ti is de�ned. Thus, �i(�[C�])

removes � if it is unobservable to Controller i and re-

moves elements of C� not received by Controller i, and

�i(t�[C�]) = �i(t)�i(�[C�]). Given the observation of

a trajectory ti 2 Ti by Controller i, the inference of

what trace (or set of traces) could have actually oc-

curred in L(Z=G) will be determined by the mapping

	i : Ti ! �(L(Z=G))

where �(X) denotes the power set of X. The inference

maps are generally more complex than the inverse pro-

jections used when there is no communication between

the controllers.

Given the inferences drawn from their observations, the

controllers then make communication and control deci-

sions. The control policy is � = f�1;�2; : : : ;�ng where

each �i is a disablement map:

�i : �(L(Z=G))! �(�c;i);

and the communication policy is � = f�1;�2; : : : ;�ng

where each �i is a communication map:

�i : �(L(Z=G))!

nY
k=1

�(�i):

The information structure [18, 19] presented here for

decentralized supervisory control problems is given by

I := fT; (�o;i;�i;	i) : i = 1; : : : ; ng: (1)

Equation (1) indicates the lack of separation of estima-

tion, control and communication; the design of control

and communication policies are dependent on the in-

formation structure, and the information structure is

dependent on the policies to be designed. It is not pos-

sible, in general, to specify the complete information

structure a priori to the synthesis problem, i.e., only

the form of the information structure can be speci�ed

before synthesizing control and communication poli-

cies. The problem investigated in this paper is now

be formally stated:

Problem (P) Given a plant G with generated lan-

guage L(G), a desired behavior modeled by an au-

tomaton H with language L(H) � L(G), and a set

of controllers Z = f1; 2; : : : ; ng, construct control

and communication policies for the controllers, � =

f�1;�2; : : : ;�ng and � = f�1;�2; : : : ;�ng respec-

tively, such that L(Z=G) = L(H).

p. 2



3 Existence of Solutions

The primary purpose of this section is to present neces-

sary and su�cient conditions for the existence of infor-

mation structures that support a solution to Problem

(P) as stated in Section 2. Two cases will be examined:

(I) when controllers can anticipate receiving communi-

cations along certain traces and can therefore adjust

their estimates based on these anticipated communica-

tions, and (II) when controllers are not allowed to uti-

lize the anticipation of future communications to a�ect

their estimates. The assumptions used in the results

that follow are:

1. The plant is modeled by a �nite automaton G

associated language L(G), and the desired be-

havior is modeled by a �nite automaton H with

language L(H) � L(G).

2. Controllers are synchronized on the initial state

of the system.

3. There are no communication delays or losses.

4. Collectively, the controllers observe all observ-

able events and control all controllable events,

i.e.,
S
j2Z �o;j = �o and

S
j2Z �c;j = �c.

5. The joint action of the controllers on the system

is captured by the union of the sets of disabled

events.

Here, communication between controllers is called two-
way broadcast if, whenever Controller i sends a message

to Controller j it also sends the message to every other

controller, and upon receiving a communication caused

by the observation of an event Controller j responds by

sending a message to Controller i and to every other

controller. We restrict the behavior of the controllers

so that they only respond to communications initiated

by the observation of an event. This eliminates the

potential for unterminated cycles of communications

and responses among the controllers; however, it does

not limit the amount of information passed among con-

trollers using two-way broadcast.

The following theorem addresses the case where con-

trollers can utilize \knowledge" of future communica-

tions to a�ect their estimates.

Theorem 3.1 (Existence for Case I) An informa-
tion structure exists that supports a solution to Problem
(P) i� the following two conditions hold:
1. L(H) is controllable with respect to L(G) and �uc;
2. L(H) is observable with respect to L(G), �o and �c.
Furthermore, the information structure has a �nite rep-
resentation and the solution to (P) can be obtained by
the communication of controller state-estimates.

Theorem 3.1 implies that Problem (P) has a solution

i� the desired language L(H) can be implemented by

a centralized supervisor. It will be shown that what

is important about this result is the fact that the con-

trollers anticipate communication, i.e., they base their

\state estimates" on all past observations and expected

future communications.

Consider controllers that maintain trace estimates (not

state estimates). That is, following a trajectory t 2 T ,

each controller i 2 Z has an estimate 	i(�i(t)) of traces

that Controller i infers could have occurred. Controller

i is calledmyopic if 	i does not take into account future

communications between the controllers, i.e.,

(8ti 2 Ti) 	i(ti) = 	i(ti)�
�

uo;i \ L(H): (2)

The class of languages achievable using myopic con-

trollers with unbounded memory and communication

capacities is characterized in the following theorem.

Theorem 3.2 (Existence for Case II) Let Z be
a set of myopic controllers that maintain trace esti-
mates and communicate their trace estimates via two-
way broadcast following every event they observe lo-
cally. Then Problem (P) can be solved with these con-
trollers i�

1. L(H) is controllable with respect to L(G) and �uc;
2. (8s 2 L(H))(8� 2 �c) :

[s� 62 L(H)]^ [s� 2 L(G)])

(9i 2 Z)
�
P�1(P(s))��uo;i� \ L(H) = ;

�
^ [� 2 �c;i] :

It is clear that myopic communicating controllers

achieve strictly more languages than co-observable lan-

guages. Furthermore, it can be shown [14] that the ob-

servability condition in Theorem 3.1 can be rewritten

as (8s 2 L(H))(8� 2 �c) :

[s� 62 L(H)]^ [s� 2 L(G)])

(9i 2 Z)
�
P�1(P(s))� \ L(H) = ;

�
^ [� 2 �c;i] :

Comparing this with the second condition in Theo-

rem 3.2 reveals that myopic controllers with arbitrarily

large memory and communication resources (i.e., main-

taining and communicating arbitrarily large trace esti-

mates) are outperformed by controllers that maintain

and communicate �nite state estimates but anticipate
future communications.

From a communication-policy synthesis viewpoint, the

results of this section have at least one major impli-

cation. This implication is analogous to the case in

stochastic control when there is no separation between

estimation and control. Here, for Problem (P), the

lack of \separation" is between estimation and com-

munication: in order to determine when communica-

tion is required (synthesis of the communication pol-

icy) the estimation policy needs to be known, but for

controllers that anticipate future communications the

synthesis of the estimation policy depends on knowl-

edge of the communication policy. Thus, in the general

case, the communication policies and inference maps

must be synthesized simultaneously. Clearly, the use

of myopic controllers avoids this di�culty.
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4 Optimality of Communication Policies

It is di�cult to agree on de�nitions of \optimality" or

for discrete-event system policies that are in any way

truly useful; however, it is often possible to identify

certain conditions that we would like any de�nition of

optimality to possess.

Let CP� be the set of all communication policies that will

allow Problem (P) to be solved, i.e., for each � 2 CP�
there is a corresponding control policy � such that

(�;�) solves Problem (P). Each � 2 CP� has a cor-

responding L�com, the set of all s 2 L(G) for which a

communication occurs immediately following s.

One condition we would like for any optimal communi-

cation policy �� to possess is that no trace in L�
�

com can

be removed without some other trace (or set of traces)

being added:

(C1) 8� 2 CP� n f��g : L�com 6� L�
�

com:

Although C1 does not indicate structures of policies

that we should look for or how to search the �-space,

it is consistent with the common usage of language in-

clusion for optimality in logical-DES control theory.

We may also want optimal communication policies to

\postpone communication for as long as possible". In

some sense, the idea behind this notion of optimality

is identical to that used for the supremal controllable

sublanguage: optimal control policies postpone the dis-

ablement of a set of events for as long as possible. Of

course, the lack of a measure on the events or states

themselves makes even this notion of optimality open

to debate. There are many ways to de�ne the idea of

\postponing communication" in DES; we give two here,

where the �rst condition, C2, is actually a special case

of the second, C3:

(C2) (8� 2 CP� n f��g)(8t 2 L�
�

com) :

L�com 6�
h
L�

�

com n ftg
i
[ t�+:

Condition C2 indicates that no single trace in L�
�

com

can be lengthened (hence postponing communication

longer).

(C3) (8� 2 CP� n f��g)(8Lpp � L�
�

com) :

L�com 6�
h
L�

�

com n Lpp

i
[ Lpp�

+:

This condition says that communication cannot be

postponed along any subset of traces in L�
�

com.
2 There

are, of course, many conditions that a designer could

specify for optimality. It is not our intention to ex-

haust the possibilities here, and in what follows we will

restrict attention to C1-C3.

2Of course, postponing communication for as long as possible
may have horrendous e�ects on robustness; however, we will not
discuss robustness of communication policies here.

5 Finite-State Estimate Myopic Controllers

In this section, we present an example of how the gen-

eral information structure I can be constrained a priori
to yield speci�c problem instances and solutions. Often

we will restrict attention to two controllers; however,

the discussion will generalize naturally to n controllers.

Furthermore, the inference maps of these controllers

will be based on a �nite structure making the solution

physically implementable.

Assumptions used in this section are those used in Sec-

tion 3 and the following.

1. All �o;j and �c;j are �xed a priori.

2. Controllers communicate state estimates, i.e.,

� � �(XH�G).

3. Controller i 2 Z can initiate a communication

only following events in �o;i, and controllers uti-

lize two-way broadcasting.

4. The inference maps are based on a �nite structure

as described below.

It will be useful to de�ne the following function �H�G :

�(XH�G)� �(��)! �(XH�G) as

�H�G(X�;L�) = fx0 2 XH�Gj9x 2 X�; 9t 2 L�

such that x0 = �H�G(x; t)g;

that is, �H�G(X�;L�) is the set of states of [H � G]

reachable from the states in X� by traces in L�.

To construct the controller inference maps, we will

�rst de�ne a �nite estimator structure E which is

a �nite-state machine with augmented state informa-

tion. For the case of two controllers, an estimator-

structure state is a four-tuple (�;E1; E2; x), where

� 2 �, E1 � �(XH�G), E2 � �(XH�G), and x 2

XH�G. E1 and E2 are the �nite-state estimates of Con-

trollers 1 and 2, respectively. Two estimator-structure

states (�;E1; E2; x) and (~�; ~E1; ~E2; ~x) will be consid-

ered equivalent if � = ~�, E1 = ~E1, E2 = ~E2, and x = ~x.

Denote by XE � � � �(XH�G) � �(XH�G) � XH�G

the set of all (�;E1; E2; x)-tuples for which x 2 E1 and

x 2 E2. The initial state of the estimator structure is

xE0 = ( �;�H�G(fxH0;G0g;�
�

uo;1);

�H�G(fxH0;G0g;�
�

uo;2); xH0;G0 ):

The transition function of the estimator structure is

de�ned from the transitions in �H�G as follows:

�E((�;E1; E2; x); �
0) = (�0; E0

1; E
0

2; x
0) (3)

where x0 = �H�G(x; �
0) and for i = 1; 2 :

E0

i = �H�G(E1;�
�

uo;1P�o;1
(�0)).

By assumption, the controllers are constrained a pri-

ori to communicate their respective estimates Ei. The

update rule for state estimates following the assumed
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two-way communication is determined by the operator

com in Eqn(4)3:

com(�;E1; E2; x) = (�;E0

1; E
0

2; x) (4)

where E0

i =

8>><
>>:

E1 \E2 if � 2 �o;1\�o;2,

E1 \�H�G(E2;�
�

uo;2(�o;1n�o;2)) if � 2 �o;1n�o;2,

�H�G(E1;�
�

uo;1(�o;2n�o;1)) \E2 if � 2 �o;2n�o;1,

Ei otherwise.

The complete state-estimate update rule for individual

controllers is as follows: following an event use Eqn(3)

to derive E0

i, and following a two-way communication

use Eqn(4) to derive E0

i.

Let (�;E1(s�); E2(s�); x(s�)) be the estimator-

structure state reached following t 2 T where

s� = T (t), and let ti = �i(t) be the trajectory

observed by Controller i along t. The inference map

	i that used for these controllers has the form

	i(ti) = f~s 2 L(H �G)j (5)

�H�G(xH0;GO; ~s) 2 �H�G(Ei(s�);�
�

uo;i)g:

The control policy � = f�1;�2g presented here is based

on the \pass the buck" constructs in [5], that is, fol-

lowing trajectory ti Controller i is allowed to disable an

event �c 2 �c;i only if the event should be disabled or

does not exist in L(G) following every trace in 	i(ti).

Formally, for ti � Ti

�i(	i(ti)) = f�c 2 �c;ij8s 2 	i(ti); (6)

[s�c 2 L(G)) s�c 62 L(H � G)]g:

To begin the synthesis of a communication policy, it

must be determined why communication is needed. To

formalize this, the notion of a conict state is intro-

duced.

De�nition 5.1 Let E be the estimator structure for
a two-controller system as described in Section 5. A
conict state of estimator structure E is a state
(�;E1; E2; x) for which there exists �c 2 �c that must
be disabled at state x 2 XH�G (for the sake of legality)
and 8i 2 Z for which �c 2 �c;i; 9~x 2 �H�G(Ei;�

�

uo;i)

such that �H�G(~x; �c) is de�ned (enabled).

The implication of De�nition 5.1 is that a conict state

is one in which an event must be disabled in the global

system but none of the controllers has enough informa-

tion to determine that the event must be disabled, and

so all of the controllers enable the event (by default).

The avoidance of conict states is the motivation for

communication between controllers. Note that if L(H)

is co-observable (with respect to L(G), all �o;i, and all

�c;i), then E has no conict states.

3The intuition behind the com operator of Eqn(4) is given
in [14].

De�ne the subset of estimator structure states X0


as:

X0

 = f(�;E1; E2; x) 2 XE j

com(�;E1; E2; x) is a conict stateg:

By the instantaneous communication assumption,

upon reaching a potential conict state communication

is an allowable means of avoiding a true conict state,

i.e., communication can be used to attempt to imme-

diately resolve a potential conict. The set X0

 is the

set of all states for which instantaneous communication

fails to resolve potential conicts. De�ne the sequence

fXk

g such that

Xk

 = f(�;E1; E2; x) 2 XE j(�;E1; E2; x) 2 Xk�1



, or

9�0 2 � such that

�E (com(�;E1; E2; x); �
0) 2 Xk�1


 g:

The unique limit X
 of the sequence fXk

g character-

izes all states of the estimator structure for which if

the system enters X
, there exists a continuation trace

which violates the desired behavior regardless of the

amount of communication along that trace.

For a given automatonA = (XA;�A; �A; actA; xA0) de-

�ne the preimage of a set of states X 2 XA by

PreA(X) = fx 2 XAj9� 2 �A such that �A(x; �) 2 Xg:

We de�ne the boundary of X
, denoted Bdry(X
), as

the set of states (�;E1; E2; x) which represent the last

possible moment for which communication of state es-

timates as described above can be utilized to avoid all

conict states: Bdry(X
) = PreE(X
) nX
.

We now give a rule for constructing the communication

maps based on Bdry(X
).

Rule (R1) For t 2 T with s = T (t), and � 2 �o:

�1(	1(�1(t))�) =8>>>><
>>>>:

E1(s�) if � 2 �o;1 and 9E2; x such that

(�;E1(s�); E2; x) 2 Bdry(X
); or a

communication is received from other

controller (two-way broadcast);

; otherwise,

(7)

and vice-versa for Controller 2.

The notation \	i(�)�" in the argument of each �i

means the following: given a controller's previous esti-

mate 	i(�) and the new observation �, the controller

decides instantly whether to initiate a communication

or not. Given the above synthesis procedure, we have

the following result.

Theorem 5.1 Let �� be designed as described in Sec-
tion 5 where the X
-Procedure and Rule R1 are used
to generate f��

1;�
�

2; : : : ;�
�

ng = ��; then �� is C1-
optimal over the class of myopic controllers that main-
tain and communicate �nite state estimates.

p. 5



These controllers' communication policies are C1-

optimal; however, they do not satisfy C2 or C3. Fur-

thermore, for these �nite myopic controllers, the con-

ditions of Theorem 3.2 are necessary but not su�cient

due to the use of state estimates.

6 Conclusion

In this paper, the problem of achieving a given de-

sired language using decentralized supervisory control

with communication was addressed. The classes of

languages achievable for the two cases of when con-

trollers do and do not anticipate future communica-

tions were characterized. Comparing the two classes of

achievable languages reveals the fact that communicat-

ing controllers with �nite memory and communication

resources and that anticipate future communications

outperform controllers with unbounded memory and

communication resources that do not anticipate future
communications. The general information structure

was constrained to permit physically implementable so-

lutions, and a synthesis procedure was presented for

the class of �nite state-estimate controllers that do not

anticipate future communications. The solutions were

shown to be optimal in a particular sense.

Ongoing areas of investigation include the development

of synthesis algorithms for anticipative controllers, ex-

tensions to include versions of Problem (P) that allow

tolerance, i.e., L1 � L(Z=G) � L2, and the inclusion

of delay and loss in the communication channels.
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